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A crash course on imaginaries

For all £-theory T, we define:
> L9=LU UXQYXZ@—deﬁnable{EX’fX Y — EX}'
» T = T U |Jy{fx induces an bijection Exy ~ Y/(X,, = X,,)}.
» Every M k T has a unique £%9-enrichment M®? |z T%4.

» 1f Dis a collection of stably embedded A-definable set, D4
denotes the collection of A-induced imaginary sorts of D.

» Any M-definable set X has a smallest definably closed set of
definition "X in M®9.
Definition
Let T'be a theory and D a collection of (-interpretable sets.

» T eliminates imaginaries up to D if, for all e € M4 E T%9, there
exists d € D(dcl(e)) such that e € dcl(d).

» T weakly eliminates imaginaries up to D if, for all
e € M | T%9, there exists d € D(acl(e)) such that e € dcl(d).



Imaginaries in valued fields

In Heny o, certain quotients cannot be eliminated:

I = K*/Ox.

k=0O/m.

Sn = GLp(K)/GL,(O), the moduli space of lattices in K".

Foralls € S,, Vs = Os/ms, a dimension n k-vector space.
Tn - USGSn VS.

Theorem (Haskell-Hrushovski-Macpherson, 20006)
ACVF eliminates imaginaries up to G = KU |J,, (S, U Ty).

vVvYyyvyy

» k% and I'4.

Unreasonable Hope (Imaginary AKE, first attempt)

Heng ¢ weakly eliminates imaginaries up to G U k®1 U I"*4.
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Some more imaginaries

Certain quotients cannot be eliminated in G U k®4 U I'®%:
» K/K" and, more generally, (K/K")®.
» Solved by considering RV, where RV = K* /1 +m = T;.
» K/Ifor some I C O definable ideal which is not a multiple of
O or m, and higher dimensional equivalent.
» Prevented by requiring the value group to be definably

complete, e.g ordered groups elementarily equivalent to Z or Q.

> R, = {b' C b maximal open subball} and, more generally, R,
if R, (dcl(b)) = 0.
> Solved by considering V" for some s € S,(dcl(b)).
For all M = Hengp and A = acl(A) C G(M), let Sta = Useg, a) Vs
and D4 = A URV U Sty.

A New Hope (Imaginary AKE, second attempt)

Lete € M E Heng?o and A = G(acl(e)). Assume I'(M) is divisible
or a Z-group. Then e is weakly coded in D}’.
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Alocal look at imaginaries

Proposition
Let D be a collection of ()-interpretable sets in T. Assume:

» For every definable X, there exists a D(acl("X"))-invariant type
p(x) such that p(x) F x € X.

Then T weakly eliminates imaginaries up to D.

Sometimes, it is easier to look for a definable p. One can then
proceed in two steps:
» For every definable X, find a acl("X")-definable type p(x) such
thatp(x) F x € X.
» Forany A = acl(A) C M® show that any A-definable type p is
D(A)-definable.
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Density of quantifier free definable types Heny

Let T' 2 Heng o be a complete theory in an RV-enrichment of Lg;,.

(Almost) Theorem

Assume k and I are stably embedded and algebraically bounded.
Assume also that I' is definably complete.
» Forall A C M® [ T%4 and quantifier free A-definable Lg;,-type
p, then p is G(dcl(A))-definable.

> Let X be definable in M E T. There exists a quantifier free
acl("X)-definable Lg4;,-type p consistent with X.

» The first statement is essentially proved by Johnson in his
account of elimination of imaginaries in ACVF.

» The proof of the second statement is a mix of existing
arguments.
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Completing quantifier free types

Let M < € E Tand a € Kbe a tuple.

An alternative formulation of field quantifier elimination

Assume rv(M(a))) C dcly(Mp(a)), where p(a) € RV(dcly(Ma)).
Then
tpo(a/M) U tp(p(a)/tv(M)) - tp(a/M).

» If ais generic in some ball b over M and ¢ € b(M), then
rv(M(a)) C dclp(rv(M)rv(a — c)).

» Moreover, if b is open, p(a) = rv(a — c¢) does not depend on
the choice of c € b(M).

» So [p]y, the germ of p over the b-definable type g = tp,(a/M),
is in dcl(b).

» 1t follows that tp(a/M) is bBRV(M)-invariant.



Computing rv(M(a))

Proposition
Assume tp,(a/M) is N-definable for some N < M, then there exists
p(a) € dclp(Na) such that rv(M(ac)) C dcly(rv(M)p(a)).
Let ¢ € K be such that p = tp,(ac/M) is A-definable for some
A C M*Yand q = tp,(a/M). Assume one of the following holds:
» cis generic in an open ball or a strict intersection of balls over
M(a);
» cis generic in a closed ball b over M(a) and there exists
g(a) € Ry(dcly(Ma)) with [gq], € dcl(A);
> ¢ c M(a)?.
Then there exists p(a) € RV(dclo(Ma)) with [p], € dcl(A) and

rv(M(ac)) C dcly(rv(M(a))p(ac)).

8/16



Finding invariant types

Corollary

Assume tp,(a/M) is N-definable for some N < M, then tp(a/M) is
NRV(M)-invariant.

Assume k and I" are stably embedded and algebraically bounded.
Assume also that I is definably complete.
» Pickanye € M andlet A = G(acl(e)). Let f be ()-definable
and a € K" such that e = f(a).
» We find a quantifier free A-definable Lg;,-type p consistent
with f~1(e). So we may assume tp,(a/M) is A-definable.
» Sotp(a/M) — and hence tp(e/M) — is NRV(M)-invariant, for
anyA C N M.
» Since RV is stably embedded, e € dcl(NRV(M)).
» It follows that there exists some G(acl(e))-definable set E
which is internal to RV.
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Imaginaries in Heny , take one

(Almost) Theorem
Assume k and I" are stably embedded and algebraically bounded, I'
is definably complete and for all A C M® and any A-definable ball
b, either b isolates a complete type or R,(dcl(A)) # 0.
> forall A C M®, there exists N D G(A) such that
tp(N/G(A)) F tp(N/A);
» T weakly eliminates imaginaries up to G U RV®4.

» Let k be a characteristic zero bounded PAC field, then k((t))
and k((t?)) eliminate imaginaries up to G, provided certain
constants are added to the residue field.

» The above result still holds if one adds angular components;
i.e. asectionof 1 - k* - RV -1 — 0.

» With some tweaking, similar results should hold for k
elementarily equivalent to a finite extension of Q,.
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Imaginaries in Hen, , take two

Assume that for allA C G(M) and € € Sty (dcly(€)), there is
1 € Sta(€) with e € dcly(An) and 7 is definable over Ae in (€38, ).

» If tp,(a/M) is stably dominated over A and c is generic, over
M(a), in a closed ball b € dcly(Aa), then

rv(M(ac)) C dclp(rv(M(a))Sta(M)ac).
» Forall A C G(M), there exists N D G(A) such that tp(N/M) is
AD4(M)-invariant.

Theorem
If tp,(a/M) is A-definable then tp(a/M) is AD4(M)-invariant.

(Almost) Theorem

Assume that k is stably embedded and algebraically bounded and I
is a pure ordered group which is either divisible or a Z-group. Then
any e € M® is weakly coded in Dy}, where A = G(acl(e)).
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Valued fields with operators

Letd = {51K—>K| iel},ﬁg =LUSG}. Let Ts O TQACVFQO
and M < € E Ts. Assume that for all tuples a € K,

tp(6(a)/M) - tps(a/M).

Corollary

If tpy(d(a)/M) is A-definable, for some A C G(M), then tps(a/M) is
AD4(M)-invariant.

Theorem (R.,R.-Simon)
Assume that k, I" are stably embedded and k9, "4 eliminate 3°°.
» For any Ls5(M)-definable X, there exists a € X such that
tpy(a/M) is Ls(aclz, ("X "))-definable.
> Assume, moreover that any externally £-definable subset of
I'(M) which is L£5(M)-definable is £(M)-definable. Then, for
every A = dcls(A) C M®9, any L5(A)-definable quantifier free
Lgiy-type is £(G(A))-definable.



The asymptotic theory of (F,(t)¥%, ®,)

Let VFA( be the theory of equicharacteristic zero existentially
closed o-Henselian fields with an w-increasing automorphism:

» o(0) =0;
» ifx € m,foralln € Z-, v(o(c)) > v(c).
We work in LRV with sorts K and RV, the ring language on both K

and RV, and mapsrv : K — RV, 0 : K — Kand ory : RV — RV.
By results of Hrushovski, Durhan and Pal:

» For all (k,0y) E ACFAg and (I', o) E wDOAG,
(k((I'), o) E VEAg where o(3_, a,t?) = > ox(a,) o).
» For every non-principal ultrafilter { on the set of primes,
[T, u(Fp(t)™8, ®,) | VFA,.
» VFA( eliminates field quantifiers.
» kis stably embedded and a pure model of ACFA,.

» I is stably embedded and a pure model of wDOAG. In
particular, it is o-minimal.
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Imaginaries in VFA

Let £ = LY < {o}, T= VFAy|, and 6 = {0' | i € Z<o}-
» By field quantifier elimination, for all M E VFA and tuple
a € K, tp(6(a/M)) + tps(a/M).

Proposition

Let Ty C T, two o-minimal theories (in £y C £1) and M; E Tj.
Then, any externally £y-definable subset of M} which is
L1(M;)-definable is L£y(M; )-definable.

» For every M E VFAy, any externally £-definable subset of
I'™(M) which is L&Y (M)-definable is £(M)-definable.

Theorem
Any e € M® £ VFAy is weakly coded in Dy}, where A = G(acl(e)).
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Imaginaries in Dy

Let A = acl(A) C M9 | VFA®. Sty = U5, (i) Ve With its
acl(A)-induced structure is a collection of k = V¢« -vector spaces
(with flags and roots) and for all s € acl(A), an isomorphism

0q: Vg — VU(S).

Proposition (adapted from Hrushovski, 2012)

Sty is supersimple and eliminates imaginaries.

(Almost) Theorem
» D, = RV U Sty eliminates imaginaries.

» VFA( eliminates imaginaries up to G.
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Mixed characteristic

Most of what we did can be transported to mixed characteristic by
consider the first equicharacteristic zero coarsening.

Let M = W(F,a,lg) and RV, = K/1 + p"m.

(Almost) Theorem

» For any M-definable X, there exists a € K such that tp(a/M) is
G(acl("X™")) U, RVn(M)-invariant.

> W(IE‘Zlg) weakly eliminates imaginaries up to G U (|J, RV,)®d.

Conjecture
> W(IE‘;lg) eliminates imaginaries up to G.

> (W(Fglg), W(®,)) eliminates imaginaries up to G.
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